We derive an exact pseudofermion action for Monte Carlo simulation of one-flavor domainwall fermion (DWF) in lattice QCD. It can be used for any kinds of DWF, and for any rational approximation (polar or Zolotarev) of the sign function of the overlap kernel H. Using this novel pseudofermion action, we perform hybrid Monte Carlo (HMC) simulation of one-flavor QCD, and compare its characteristics with the widely used rational hybrid Monte Carlo algorithm (RHMC).
A widely used algorithm for handling one-flavor fermion in hybrid Monte Carlo (HMC) [6] simulation of lattice QCD is the rational hybrid Monte Carlo algorithm (RHMC) [7] .
However, it requires additional memory space to compute the fermion force in the molecular dynamics, which is proportional to the number of poles in the rational approximation of
In this paper, we derive an exact pseudofermion action for one-flavor domain-wall fermion.
Since it is exact without taking square root, it does not require additional memory space for computing the fermion force. Moreover, the efficiency of this exact one-flavor algorithm (EOFA) is compatible with that of RHMC, for lattices (8 3 × 16 × 16 and 8 3 × 24 × 16)
we have tested so far, with the conventional DWF and the optimal DWF respectively. For larger lattices, we expect that EOFA is more efficient than RHMC.
In general, the 5-dimensional lattice Dirac operator of all variants of DWF [8] [9] [10] [11] can be written as [12] [D(m)] xx ′ ;ss ′ = (ρ s D w + 1)
where x and x ′ denote the lattice sites on the 4-dimensional lattice, s and s ′ the indices in the fifth dimension, and the Dirac and color indices have been suppressed. Here D w is the standard Wilson Dirac operator plus a negative parameter −m 0 (0 < m 0 < 2),
where U µ (x) denotes the link variable pointing from x to x+μ. The operator L is independent of the gauge field, and it can be written as
where N s is the number of sites in the fifth dimension, m ≡ rm q , m q is the bare quark mass, [11] , ω s = 1, ∀s. For the optimal DWF, the weights {ω s } are fixed according to the formula derived in [10] , then the 4-dimensional effective massless Dirac operator is
where
and S opt (H) is exactly equal to the Zolotarev optimal rational approximation of the sign function of H [13] .
Since the matrices L and ω = diag(ω 1 , · · · , ω Ns ) are independent of the gauge field, we
] from the DWF operator (1) and obtain the re-scaled DWF operator for the HMC simulation,
Here the dependence on m ≡ rm q has been shown explicitly in L ± , M ± , and N ± . Using the relation
and the Sherman-Morrison formula, we obtain
Now we use ω which is invariant under R 5 (the reflection operator in the fifth dimension),
i.e.,
± u, and put (5) into (3), then we obtain
± is an upper/lower triangular matrix, we can solve v ± exactly with the following recursion relation,
In the following, without loss of generality, we use the Dirac matrices in the chiral representation,
where σ are the Pauli matrices. Then the DWF operator (2) can be written as
and the Pauli-Villars operator
Now applying the type-I Schur decomposition
to D T (m), and the type-II Schur decomposition
Here we have multiplied the Schur complements with R 5 (det R 5 = 1) such that H(m) and Next we apply type-I and type-II Schur decompositions to the following matrix,
and obtain the relation
Using (6), we obtain
(
Substituting (12) into (11), we immediately have
Here H 1 and H 2 are Hermitian operators (with color and 2-spinor indices) on the 4-dimensional space, and the formula det(I + AB) = det(I + BA) has been used in the last equality of (16) . It remains to assert that H 1 and H 2 are positive-definite. For m = 1, From (16), the pseudofermion action for one-flavor DWF reads
where φ 1 and φ 2 are pseudofermion fields on the 4-dimensional lattice, each of 2 spinor components. However, the operators H 1 (m) and H 2 (m) are not practical since each involves the inverse of some matrix which contains the inverse of another matrix. This can be bypassed using the Schur decomposition. From (9) and (10), we have
Applying (20) 
is a Hermitian operator. This is the main result of this paper.
To generate φ 1 and φ 2 from Gaussian noise fields η 1 and η 2 , we use Zolotarev optimal rational approximation for the inverse square root of H 1 (m) and H 2 (m),
where e l ≡ 1/(1+d l ), and N p is the number of poles in the Zolotarev approximation. Further simplifications can be obtained using the Schur decomposition, and the final results are
where ξ 1 and ξ 2 are irrelevant fields. Thus φ 1 and φ 2 can be solved by the conjugate gradient. Finally we use the accept-reject algorithm to make sure that φ 1 and φ 2 give the pseudofermion action S pf (22) such that the probability distribution exp(−S pf ) satisfies exactly the Gaussian distribution exp(−η †
. In the following, we compare EOFA with RHMC. For the memory requirement, it is straightforward to obtain the following formula for the ratio of the memory consumption of these two algorithms [14] 
where N p is the number of poles used in the rational approximation of RHMC, and N s is the extent in the fifth dimension. For N p = 12 and N s = 16, the ratio is 6.58 for any 4D In the molecular dynamics, we use the Omelyan integrator [15] , auxillary heavy fermion field [16] with m H a = 0.1, and multiple-time scale method [17] . The pseudofermion action for
Monte Carlo simulation of one-flavor QCD with RHMC is
where C is defined in Eq. (13) of Ref. [18] , and the number of poles used in the optimal rational approximation of (CC † ) −1/2 and (C †
In Fig. 1 , we plot the change of Hamiltonian ∆H of each trajectory after thermalization, for EOFA and RHMC respectively. In both cases, ∆H is quite smooth, without spikes in all trajectories. Moreover, heavy fermion field, and the light fermion field respectively. For both EOFA and RHMC, the forces all behave smoothly for all trajectories. However, the fermion forces of EOFA are substantially smaller than their counterparts in RHMC. Using one core of Intel i7-3820 CPU@3.60GHz, the average time for generating one HMC trajectory after thermalization is 6644(43) seconds for EOFA, versus 6629(24) seconds for RHMC. Taking into account of the acceptance rate 0.987(7) for EOFA, and 0.997(3) for RHMC, both EOFA and RHMC have compatible efficiencies. Further details of the comparison will be given in Ref. [14] .
To summarize, we have derived a novel pseudofermion action for Monte Carlo simulation of one-flavor DWF, which is exact without taking square-root. It can be used for any kinds of DWF, and for any rational approximation (polar or Zolotarev) of the sign function of H = cH w (1 + dγ 5 H w ) −1 . The memory consumption of EOFA is much smaller than that of RHMC. The efficiency of EOFA is compatible with that of RHMC, for the lattices (8 3 × 16 × 16, and 8 3 × 24 × 16) we have tested so far. For larger lattices, we expect that EOFA would outperform RHMC. Detailed analysis will be given in Ref. [14] .
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